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id o= 1.

Example 6.3.4 Suppose Xi,...,X, % N(p,1). To test Hy : p = pg

vs Hy @ 0 = w1, where pq > o, let us use the Neyman-Pearson Lemma

to find the most powerful critical region of size . )
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Now, we want to find a constant K and a region C such that
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In fact, we dopd_really care what the value of K is, we only care for
what value of [K*:

K*, (x1,...,z,) € C,
K*, (.1'1,...,$n) g_ﬁ C.

We determine the value of K* based on the size of test o and the
. . . _. — \
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102 CHAPTER 6. HYPOTHESIS TESTING

Let’s consider another application of N-P lemma:

Suppose X1,..., X, ~ iid N(u,1). Find the most powerful test for
Ho:p=povs Hy: o= pq (g > o) at the a level of significance,

By the N-P lemma, the most powerful test is given by

CT :{ 1@<k,

0 if A<k,
where _ Lo _ v\f(}.ln 'M-u) - ‘E(ﬂuz'}ll>
J\“'?-T - € <0
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The value of k is determined by the size of test . so a3 neld a» K
o= plaskl s dne)

SPCURSE | M= Abo)

Under Hy : p = o,

m&m — Z- ;Vuo ~ N 050)

X = P( /\r_"i°>—‘5—-—-/\r’_u°

Splz ) whore

Thus, the rejection region {A < k} is equivalent to
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6.4 The power function of a tes

In general, type I error is more series that type 11 error. Therefore,
we control the o at a pre-specified level, then find a critical region,
C, based on the given a that maximizes the power. By doing so, the
probability of type I error is controlled at a level and the power=(1—/3)
is maximized.

The Neyman-Pearson lemma is for testing a simple null hypoth-
esis Hy : 0 = 0y against a simple alternative hypothesis H, : 6 = 6.
We might want to test, say, Hy : 6 < 6y a composite null hypothesis
against H, : 8 > 6y, a composite alternative hypothesis, pair of com-
posite hypotheses.

Let us consider a framework:
-Ho: Qe@o NS Ha - Qee,

whe @ N B, =$Z{

Definition 6.4.1 The power function, denoted as w(0), of a test
of Hy: 0 € ©g against H, : 0 € O1 is given by

(0) = a(f)  for value of 0 assumed under Hy,
T - B(0) for value of 0 assumed under H,. &

The power function, w(0), is in fact, the probability of rejecting the H
for a given value of 0:

7(0) = P(reject Hyl) &

Example 6.4.2 Suppose X ~ bin(5,60). We want to test

1 1
HO:(9§§ VS H,:0> -

2
porametey
Partitioning of saymple space:

O-:-{o: 0co2L}y

®=-{p: 0cosiy
9: =§40-: $<cBal }
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Suppose our critical region is Cy = {x : x € {4,5}}. Then the power
function is given by: XABn(5,6)
povar Auith, TT(8) = PLt #o | ) 1500 (2)6%-6 "
:'P(X:‘{— or gl 9)
- P(x:q.le') + PCX=S5 |'9)
v
= (5)6% o) + (B)e°(0)
=504 U-0)+ 6=
=50 49° Dco<|

x =20,1,2,3, 5

We sketch the power function for the given critical region C, =

{x:2ze{4,5}}.

7 7Tl(9) = 594, feS
BeOy| 0.1 a0.1)=5C)t- 40.0)° = 0.00¢5
0.2 a(0.2) =50d*-40.)° = 0.006%s

0.5 «0.5)= g(o.s)t 4005y = 0-6835
BeO| 06 1-p5(0.6)=5(0.6)%406°=0" -6

0.9 1—p(0.9) =85Coq)*- £(0.0)° = ¢ 11854

We sketch the power function for other critical regions Cy = {z : = €

{1,5}} and C5 = {z:x € {0,1}} .
T(0) = P(x=1,56)

)= P()(:O; I IQ)
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Ho: B<4 vs s 9”;_.
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Definition 6.4.3 Given a pre-specified significance level «, if a test

1 (g, ) €C,
¢(x17""w")_{0 if (1, 20) € C,
+ pe: 1 erior rafp

satisfies P(reject Ho|Hy is true) < «, then the test is called an o level
significant test.

Definition 6.4.4 An « level significant test with the smallest 3 (or

the greatest power) is called the uniformly most powerful test

(UMPT).
pre-speed flo work out .
) Y C, He oritieal agien .

2) PmsPQuq&a& C ,“;M——) o(,(b’ powe ) Dowex %dfm.
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Remarks:

1. There could be multiple tests (rejection regions) at a given «
level; we want the one that maximizes the power.

2. Unfortunately, uniformly most powerful tests rarely exist when
testing a simple null hypothesis versus a composite alternative
hypothesis, e.g.,

Ho - M= Mo Vs Ha- M7 Mo,

3. When testing a simple null hypothesis versus a simple alternative
hypothesis, e.g.,

Ho: /u;/(,{a Vs H’a: /f;@}}, ( MU}"O)

the N-P lemma gives the uniformly most powerful test.

NP lomme com 0n3 be wpplicable  when ot “to and e g,
6.5 The likelihood ratio tests i '\3 # -

The Neyman-Pearson lemma provides a method for constructing
the most powerful critical region for testing: usR

Lo
Ho: 9-’-90 ls Ha: 9;9[ (905&'&) T_T

We now present a general method, the likelihood ratio test (LRT),
for constructing critical regions for the hypothesis tests that consist
of composite hypothesis such as:

Ho: 6€6@, Vs oo 0€6,

L “;919 ‘s "Lb‘ekgo
e,Nng =6, wmoweuwm 7T 7T

LRTs are generalization of the Neyman-Pearson lemma, but they are
not necessarily uniformly most powerful. LRTs compare the maximum
likelihood under Hy with the unrestricted maximum likelihood for all
values in the parameter space, that is 0 € ©.

max lo = Max L(6) <— nsticted Maxtmum Likelthood
€@,

max L = mex LB) < wwrestieted  mascdmum [ kelShmod
9@@ @ = 90 U Q(
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Suppose we have a random sample (X7, ..., X)) i f(x;0). The max-

imum likelihood under Hj is given by

may Lo = ?_j}ffx;)‘ 3)
e 5€@,, is e ME of O Within Qo
([ Brestricted MLE ﬁt 6)

The maximum likelihood for all values of 8 € ©, is given by
Ny P
max L o= J fexi; 6)
ve § o th mE of 6, 6cO

(B . wnresticled mLe ﬂj’ 9)

Then, their ratio

A= max L

max L
is referred to the likelihood ratio statistic.

Suppose we have
ppoFE e I (seal maximum 5&5@@ MAKI Wi,

A

max Lo = L(0) < maxL = L(0)

where 6 is  restrighed MLE
and 0is  Wrestrichud MLE .

The equality holds iff 0=20.

e There are two scenarios to consider:

— If Hy is true, we expect:

Ho. €&, e Lo 1 Mmase Lo 2 Maye L
————— -—
Max A '
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— If Hy is false, we expect: Vax Lo - (
Ho. 0€0, ’)nAxl-o<’)er 0 < ax e
e The ratio .
max Lo
A=
max L

is bounded between 0 and 1.

o If A = 0, we would like to reject Hy;
if A~ 1, we would like to accept Hy.

Definition 6.5.1 If © = ©yU O, and Oy N O, =0, and if
max Ly L(6)
max L L(6)’

then the critical region

where 0 < k < 1, 1s a likelthood ratio test for testing Hy : 0 € O,
against H, : 0 € ©.

A:

Example 6.5.2 Suppose we have a random sample (X1, ..., X,) from
a N(p,0?%). Find the critical region of the likelihood ratio test for
testing

vs Hq @ po # po.

ompysite  hypothusts
Since the onl}'{ choice for y under HO is 119, we have
WX LD f(?(. ,u,) 62 > = JC(I,)MD)6> F~L(./‘l-0)o—=‘-)

- 11 ; E ot M
= proy? o A e s

3 Mo, buause under Ho. /ey
Further, we know the MLE of ,u is i1 = X, so hWave

mox L = if{x,; M, 0% = &,ffx,-; )(,0') = L(X> o—z)
= (@re?)® o & KRG
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109
The likelihood ratio

statistic ecom(ﬁ|
= Max Lo 3 e (xp - M) /552
T max ax L -

CW e‘r__il,(z?')?)z/zo-?_
- 6_ R# ?g(zi-ﬂo)z - ,~£ (%; - 1)23

n
L “\‘2’ =~ x z-%"‘ ﬂaz’)’ij
- e.m,z 7/2/1 .2nzj»lo+£v“o L /z

Hence the critical region of the likelihood ratio test can be derived as

_I\’: e-:u‘-x L? "/ub‘)i < K ) s‘,‘t [In...,zn)ec
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We determine the critical region by the size of the test, a:

« #8TC
oL = P fX-Mo| 2K | = Mo )
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We know X ~ N (o, %2) under Hy, so we have:

_ o IX-do| 3 K . Kbl
= P\ ) = o M)
Y = K*
P< Izl Z‘E—Z/’;\ ) z-x»_ﬁ
) ‘ e ",
X = p(zyZ)+ P(E<-2)
*
2*—;'2"_%— ) ~Z7 = %ﬁz
N(0>‘> <k
% |~ ( O—;' —\l}’ LS
} } \X’MD‘7/K
_z*v‘:%?- 0 2= %I—?,-_‘ 1%
Thn, H critial rogim Jor IRT 05 H=E
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In Example 6.5.2, when the random sample is from a normal
distribution, it is relatively easy to find the critical region for the test,
since we know the distribution of the pivotal quantity for estimating
the parameter. This means we don’t have to derive the distribution
of A. However, the distribution of A is often difficult to derive, and
thus, it is often difficult to determine the critical value k. In this case,
we can use the followmg approximation.

) SERRT & X f0:;6) £0¢6) s not normal

Theorem 6.5.3 For a large sample size, n,

—2InA = —-2In (max LO) e X7-

max L

With reference to Example 6.5.2, we can find critical region using
Theorem 6.5.3. .
Y 2
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